We consider constraints on cosmic strings from their emission of Higgs particles, in the case that the strings have a Higgs condensate with amplitude of order the string mass scale, assuming that a fraction of the energy of condensate can be turned into radiation near cusps. The injection of energy by the decaying Higgs particles affects the light element abundances predicted by standard Big-Bang Nucleosynthesis (BBN), and also contributes to the Diffuse Gamma-Ray Background (DGRB) in the universe today. We examine the two main string scenarios (Nambu-Goto and field theory), and find that the primordial Helium abundance strongly constrains the string tension and the efficiency of the emission process. The Fermi-LAT measurement of the DGRB constrains the field theory scenario (but not the NG scenario) even more strongly, requiring that the product of the string tension µ and Newton's constant G is bounded by Gµ 3 × 10 −11 β 
I. INTRODUCTION
Higgs particles can be produced in the early universe by linear topological defects predicted in some gauge theories of elementary particle physics with extra symmetries beyond those of the Standard Model. These cosmic strings are formed as a result of a spontaneous symmetry breaking at phase transitions in the early universe [1, 2] . In its simplest form, a cosmic string is characterized by its tension µ which is of order µ ∼ M 2 , where M is the energy scale of the symmetry breaking.
Once formed, strings evolve under the own tension, and can intersect and self-intersect, and after reconnection, create loops. The loops oscillate and decay, either into massive radiation of the fields from which the string is made, or into gravitational radiation. The relative proportion is highly uncertain, for reasons explained in Ref. [3] .
These two decay channels motivate two scenarios for string evolution: the field theory (FT) scenario based on direct numerical simulations of strings in the Abelian Higgs model [4, 5] , and the Nambu-Goto (NG) scenario, which treats strings as infinitely thin and neglects massive radiation, except at cusps -points where the string doubles back on itself -and kinks -discontinuous points in the tangent vector along the string. Particles can be emitted from cusps either through annihilation of oppositely oriented string segments (cusp annihilation) or by linear classical radiation.
In [6] it was pointed out that the string fields are generically coupled to the SM Higgs (via the so-called Higgs portal), which leads to the string developing a Higgs condensate in its core, extending a distance m −1 h . Hence one can generically expect strings to decay into Higgs particles: either as part of non-perturbative massive radiation process visible in field theory simulations, or by cusp emission in the NG scenario. Recent calculations of the power from kink emission differ from each other by orders of magnitude [7, 8] , and we neglect it here pending the resolution of the issue.
In [6] it was assumed that the expectation value of the Higgs in the core of the string was set by the string scale M . However, a more recent numerical investigation found that the expectation value of the Higgs in the core is of the same order as the electroweak scale v ew [9] .
In this paper we extend arguments in [10] to show that the Higgs condensate can indeed be "large" (i.e. M rather than v ew ) in the region of parameter space where the Higgs portal coupling is larger than the self-coupling of the symmetry-breaking scalar field. The parameter space explored in [9] did not include this region.
In [6] it was also assumed that there was a linear coupling between the string and the Higgs field, and that this coupling was of order M , the expectation value of the Higgs in the core of the string. In [9] it was argued that this linear coupling had to be of order of the Higgs large-distance expectation value, and hence orders of magnitude smaller. It was also briefly pointed out that there could be a non-perturbative mechanism operating at cusps, where the condensates overlap and interact, or "condensate annihilation". We consider the implications of this mechanism, and parametrise it according to the fraction of the available energy per cusp lost as Higgs radiation.
Using this model of non-perturbative cusp emission, we derive constraints from the requirement that the decay products of the emitted Higgs do not spoil the predictions of Big-Bang Nucleosynthesis (BBN) for light element abundances [11] [12] [13] [14] , or produce a γ-ray flux inconsistent with that measured by Fermi-LAT [15, 16] . The BBN constraint is relevant for energy injected at cosmic times 10 −1 s t 10 12 s, while the DGRB constraint applies for times t 10 15 s. We obtain constraints in both the NG and FT scenarios, presenting them in Tables II and III, and in Figs. 2 and 3.
Particle production by loops of cosmic string in the NG scenario has been considered in many other contexts. The emission of moduli particles was considered in Refs. [7, [16] [17] [18] [19] [20] and the emission of Kaluza-Klein particles by cosmic superstrings was analysed in Refs. [21, 22] . Emission of particles by loops of "thick" string (whose width is TeV scale rather than GUT scale) was studied in [23] .
A recent paper [8] studies carefully the perturbative emission of particles from strings with electroweak-scale Higgs condensates, including scalars, vectors and fermions, both one-particle and two-particle emission, and emission from cusps, kinks and kink-kink collisions. The total emission rate in the class of model considered in this paper, where the Higgs condensate is of order the high scale M , and the non-perturbative cusp emission mechanism operates, can be significantly higher.
There are other cosmological and astrophysical constraints on strings [2, 3] . According to recent observation of Cosmic Microwave Background (CMB) by the Planck satellite [24] , the cosmic string tension is constrained to be Gµ < 1.5 × 10 −7 in the Nambu-Goto string model (NG) and Gµ < 3.2 × 10 −7 in the Abelian-Higgs field theory model (FT) (with 95% confidence level), where G is the Newton's gravitational constant. Previous analysis of CMB based on WMAP and ACT data provides, respectively, Gµ < 4.2 × 10 −7 (FT scenario) [25] and Gµ < 1.6 × 10 −7 (NG scenario) [26] , also both at 95% confidence level. These constraints are translated into a bound on the energy scale of M 10 15 GeV. In the NG model, cosmic strings can also be investigated through the emission of gravitational radiation in a wide range of frequencies [27] [28] [29] [30] . For instance, the most recent bounds Gµ < 5.3 × 10 −7 and Gµ ≤ 2.8 × 10 −9 are due to pulsar timing arrays and can be found in Refs. [31] and [32] , respectively. The differences in the bounds reflect different assumptions about the size distribution of string loops. Finally, there is a strong bound on the FT scenario from the DGRB of Gµ 10 −10 f −1 [3] , where f is the fraction of the strings' energy going into γ-rays, based on an old analysis of EGRET data [33] .
The paper is organized as follows. In Sec. II we present the rate at which Higgs particles are emitted through non-linear interaction in the NG scenario as well as the rate per unit volume of a network of strings in the FT scenario. In Sec. III we describe the loop distribution of strings formed in the radiation era and check that the friction-dominated epoch is long over by the time the constraints are applied. Cosmological constraints on Gµ are obtained in Sec. IV. Finally, in
Sec. V our conclusions are presented. We also have dedicated an Appendix for details of the calculation of the size of the Higgs condensate in the string core.
In this paper we use natural units c = = 1 so that the Newton's gravitational constant can be expressed as G = m −2 P = t 2 P , where m P ≃ 1.2 × 10 19 GeV and t P ≃ 5.4 × 10 −44 s are the Planck mass and time respectively. We also take the present time and the time of equal matter and radiation densities to be t 0 ≃ 4.4 × 10 17 s and t eq ≃ 2.4 × 10 12 s.
II. HIGGS RADIATION FROM STRINGS

A. The Higgs condensate
If the Higgs field has a suitable interaction with the scalar field which makes the string, it can condense (i.e. acquire a vacuum expectation value) in the core of the string [6, 34] . Such an interaction is provided by the Higgs portal. If the string is made by a complex field φ, then the most general renormalisable potential including the Standard Model Higgs doublet Φ can be written
We suppose that M ≫ η, and that λ 1 λ 2 > λ 2 3 , in which case the ground state is |φ| = M and |Φ| = η [10] . We recognise v ew = √ 2η as the electroweak scale 246 GeV. In [10] , models where the Higgs does not interact with the gauge field in the string were studied, and it was shown that the Recent numerical investigations in [9] of the solutions with the above potential did not explore the region of parameter space with M ≫ η and λ 3 > λ 1 at the same time. It was found that, outside this region, the Higgs expectation value in the string core was of order η.
In [6] it was argued that there was a linear coupling between the string and the Higgs field, which leads to the formation of a Higgs condensate in the core of the string with amplitude M .
Subsequently, an argument was given in [9] that the coupling must be proportional to η as the string can couple to the Higgs only after electroweak symmetry breaking. However, as is noted by the same authors, the electroweak symmetry is broken locally by the Higgs condensate itself, and the implication that there is no classical radiation at all in the limit η → 0 is puzzling. We leave this issue for future consideration, and focus on the emission of Higgs through the non-perturbative process arising from the self-interaction of the Higgs condensate (see Fig.1 ).
There is also a quadratic interaction [35] , which gives rise to two-particle emission. The emission rate was recently recalculated and found to be much larger [8] , but we have checked that even with this correction the emission due to the non-linear process dominates in the region of parameter space with a large Higgs condensate.
B. Emission of Higgs from cusps (NG scenario)
Loops of cosmic string generically form cusps, or points where the tangent vector vanishes and an ideal Nambu-Goto string would move at the speed of light [1, 2] . The Nambu-Goto description breaks down where the cores of the string overlap, which occurs in a region of size σ c ∼ L/M , where M −1 is the string width in the rest frame, and √ LM is the boost factor at a distance M −1 from an ideal cusp [6, 21, 36 ] (see Fig.1 ). By similar arguments, one can also identify a region where the Higgs condensate (with width m Where the string core overlaps, a non-perturbative energy-loss process can occur [37, 38] , as segments of string with oppositely oriented flux annihilate, leading to the conversion of an amount of energy µσ c ∼ µ L/M into radiation of the symmetry-breaking scalar and gauge field A µ . Some of this energy will be converted to Higgs radiation with very high momentum, of order M √ LM .
Similarly, the non-linear interactions of the Higgs condensate in its overlap region could lead to conversion of a significant fraction of the energy in the Higgs condensate into radiation. One can estimate the available energy, in the case where the condensate is of order M , to be
and that the subsequent radiation is concentrated around the wave number m h √ m h L. Therefore, given that the loop oscillates with a frequency L, the total power in Higgs emission is
where β 2 c is a numerical factor parametrising the efficiency of the non-perturbative cusp emission process. Two-particle emission was recently shown to give a power
, which is suppressed relative to the non-perturbative process by a factor v ew /M . We do not study it in detail here, beyond a brief check on the constraints from two-particle emission in the next Section.
C. Comparison of Higgs emission with gravitational wave production (NG scenario)
In the NG scenario, the other important decay channel for string loops is the emission of gravitational waves, which are radiated with the power [1]
where Γ ∼ 50. The length L e at which loops emit the same amount of energy in Higgs particles and gravitational radiation is obtained when P h = P g , or when the loop has length
For L < L e , particle emission dominates over gravitational radiation.
Loops of energy E = µL, radiating gravitational waves and Higgs particles, shrink according to the rate
For small loops, Higgs radiation is the dominant energy loss mechanism, and the lifetime of a loop is obtained from (6) as
Only loops with a lifetime ∆t greater than the age of the universe t will persist. Hence, for a loop of length L to survive to time t it is necessary that L L h (t), where
c (m h t)
for the case of Higgs emission.
Similarly, the lifetime of a loop when the main energy loss mechanism is by emission of gravitational wave is obtained from (6) as
In this case, for a loop of length L to survive to time t it is necessary that L L g (t), where
The time at which L g (t) and L h (t) are equal is
The time t e is also associated with the length L e . Thus, gravitational radiation dominates for times t t e while Higgs radiation dominates for times t t e .
Combining the two sources of energy loss, we find that at time t, loops will be longer than a minimum length L H (t) [21] given by
D. Higgs emission in the FT scenario
Direct numerical simulation of the Abelian Higgs model, the canonical field theory with a cosmic string solution, shows that there is a non-perturbative radiation mechanism which efficiently turns the energy in string into massive radiation of the fields from which it is made. A loop of length L survives for a time of order L [5] , and so the power in massive radiation of a loop is of order µ, much greater than either cusp emission or gravitational radiation. There is also significant direct emission from the long strings. It is an interesting and not yet fully-solved problem how the field energy of a loop of size L is transformed into radiation with frequency M : in broad outline it involves the coupling of small-scale waves on string to the large-scale modes at cusps [5] . The net result is that all the energy in the string network is converted to massive radiation, and where there is a coupling between the Higgs and the string fields, we can expect a proportion to appear as Higgs radiation. In keeping with our parametrisation of the NG scenario, we will write this proportion as β 2 ft . Rather than consider individual loops, we will consider the total power per unit volume of the network itself, Q h . By covariant energy conservation this can be written
where H is the Hubble parameter, ρ s is the total energy density of strings, and w s is their average equation of state parameter.
III. EVOLUTION OF STRINGS AND THE LOOP DISTRIBUTION A. Long strings
Strings are formed in a tangled network, with most of the string length in the form of one infinite string, and the rest in a scale invariant distribution of loops [1] . Initially, the strings interact strongly with the cosmic fluid and are heavily damped. The average distance between strings ξ increases as t . Eventually the fluid density is sufficiently low that strings move freely, apart from Hubble damping, and the inter-string distance is proportional to the horizon distance,
The interstring distance is defined such that the infinite string density ρ ∞ is given by
Infinite strings lose energy by a mixture of direct particle production and the formation of loops, which subsequently oscillate and decay. In the FT scenario, both mechanisms are important: in the NG scenario only loop production is important. The loops subsequently oscillate and decay either by particle production (FT) or gravitational radiation (NG).
B. Loop Distribution
In the NG scenario, loops decay slowly, and comprise most of the string energy density. Therefore in order to calculate the emission of radiation it is necessary to know the loop size distribution, which in turn requires the typical length loops are born with, as well as accurate calculations of how they decay. Recent numerical simulations [39, 40] appear to be converging on a picture in which stable (i.e. non-self-intersecting) loops are born with a wide distribution of sizes up to a maximum of
with β ≃ 0.1.
Regardless the precise distribution of loops at formation, the number density of loops with lengths between L and L + dL is in the radiation era [1] n(L, t)dL ≃ νt
where L H (t) L βt i , and ν ≃ 0.2 [32] . Note that L here means the invariant rest length of the string, defined such that the rest energy is µL.
As we are also interested in constraints from observations of the DGRB we need to know the distribution of loops in the matter-dominated era. For slowly-decaying loops, the predominant loops in the matter-dominated era were born in the radiation-dominated era. Thus, one can use the number density of loops in Eq. (16) to obtain the distribution of loops that are formed in the radiation-dominated era and still survive in the matter-dominated era. This distribution is given by n(L, t)dL ≃ νt
where L H (t) L βt eq . A necessary condition for there to exist today loops created in the radiation era one requires L H (t 0 ) βt eq , which can be translated to Gµ 10 −8 if gravitational radiation dominates or β c 2 × 10 6 if Higgs radiation dominates. The number density of loops in
Eqs. (16, 17) is dominated by loops with the lower length L H (t). As we know from Eq. (12), the length L H (t) depends on whether the energy of loops is predominantly dissipated by gravitational or by Higgs radiation. It is given by (8) when t t e and by (10) when t t e , with t e from Eq.
(11).
C. Friction-dominated epoch
As mentioned earlier, the formation of cosmic strings occurs at very early times, when the universe is dominated by a high density of radiation. In this epoch, the main energy loss mechanism is by friction due to the interaction between the strings and the hot plasma that fills the Universe.
As the temperature of the universe decreases the strings start to reach relativistic velocities and the friction becomes subdominant. For the model considered in the Appendix, the scattering crosssection for the Higgs particle per unit length of string is roughly 1 σ ∼ m −1
h . This makes possible to obtain the time at which the friction stops being the main energy loss mechanism
It is only after this time that the distribution of loops takes the scaling form (16). As we are considering constraints from BBN between 10 −1 s and 10 12 s (see Sec. IV), it is sufficient to have the condition t d < 10 −1 s. This implies
Therefore, we do not need to worry about the friction-dominated epoch as long as the BBN and DGRB constraints are inside of the range of applicability given by (19) . It will turn out that this is indeed the case.
IV. COSMOLOGICAL CONSTRAINTS A. Energy density injection (NG scenario)
The total energy density injection rate in Higgs particles emitted by loops is given by [21] 
with P h being the power (3) emitted by a loop of length L and n L (L, t)dL is given by either (16) or (17) . In the radiation-dominated era, i.e t < t eq , the integral (20) can be found as 
In the matter-dominated era, i.e t > t eq , the integral (20) gives
with
, for t > t e , t te
Note that both expressions (21) and (23) are dominated by loops of the minimum size L H (t). For early times (t < t e ) loops are mainly decaying by Higgs emission, and so L H (t) = L h (t), while at late times gravitational radiation is the main decay channel, and so L H (t) = L g (t).
We will apply the BBN bounds derived in Ref. [11] and summarised in table I. The bounds in [11] are expressed in terms of E vis Y X (t), where Y X (t) is the yield at time t of a new species X injected into the cosmic medium with average energy E vis , and subsequently decaying into "visible" (i.e. not weakly interacting) states. We therefore need the energy density injected in one cosmic time t, in units of the entropy density s. Defining ∆ρ h (t) = tQ h (t), we obtain from (21) that
where s(t) = 0.00725N
2 is the entropy density, with N ≃ 100 being the effective number of degrees of freedom in the radiation-dominated era at time t. [41] using the DGRB measurements presented in [15] .
Will also apply the bound on energy injection in the form of γ-rays derived in [41] from recent measurements of the DGRB at GeV-scale energies by Fermi-LAT [15] , and given in table I. This is quoted in terms of ω em , the total electromagnetic energy injected since the universe became transparent to GeV γ-rays, which was at about t c ≃ 10 15 s.
Once Higgs particles are emitted they will decay and a significant fraction of the energy cascades into γ-rays, and so Higgs emission is subject to the DGRB bound. The electromagnetic energy density from Higgs particles decaying into photons can be calculated as
where we choose f em = 1 and (1+z) = (t 0 /t) 2/3 in the matter-dominated era. The factor 1/(1+z) 4 comes from the redshift of the photon energy density from the time of production until today. The integral (26) gives
where 
Note that there are three cases to consider, depending on when t e occurs in relation to t c and t 0 .
The first case is when t e < t c , in which case the contribution to gamma-rays comes from loops decaying mainly into gravitational radiation, most of which are of size L g (t). This contribution, in the top of Eq. (28), is dominated by the first term. The second case is when t c < t e < t 0 and the integration (26) has two contributions: t c t t e , when loops are mostly emitting Higgs particles and are of size L h (t), and t e t t 0 when the loops are mostly decaying into gravitational radiation, but contribute also to gamma-rays, and mostly have size L g (t). The sum of these two contributions (the middle expression in Eq. (28)) is dominated by the first term in the expression on the right hand side. The third and last case is when t 0 < t e , in which case loops are still decaying predominately into Higgs particles, and are mostly of size L h (t). In this case, the expression is dominated by the first term in the bottom of Eq. (28).
B. Constraints on Gµ and β c (NG scenario)
Now that we have computed the energy injection by decaying Higgs from cosmic strings in the NG scenario, we can derive the bounds on the string tension Gµ and the efficiency parameter β c .
The bounds from BBN we consider here are the ones presented in Ref. [11] and an approximated interpretation of them can be seen in table I. The interpretation of the bounds is based on the Fig. 38 of Ref. [11] . The bounds in Ref. [11] apply to generic bosonic X particles with mass m X =100 GeV which is close to the Higgs mass and, thus, suitable for our estimate. The strongest bound in our case comes from the primordial abundance of 4 He since it is established earliest, and the energy injection (25) is dominated by the earlier cosmic time t. It should be noted that Ref.
[11] takes into account two bounds due to the analysis, by two differents groups, of the primordial abundance of 4 He. We also take into consideration the two bounds, labeling them as low and high bounds (see table I ).
By using Eqs. (27) and (28) for all the three regimes described above, results from Fermi-LAT diffuse gamma-ray data [15, 41] (see table I for maximum value allowed for ω em ) provides constraints in the (β c ,Gµ)-plane. The analytical expressions for these constraints can be seen in We plot the constraints from table II in the (β c , Gµ)-plane in Fig.2 . In this plot, the region We have also checked whether there are constraints arising from two-Higgs emission, which we recall is suppressed over the non-perturbative cusp emission by a factor v ew /M . There is a small excluded region due to BBN at Gµ ∼ 10 −14 when the coupling is of order 1, which we did not investigate further.
C. Constraints on Gµ and β ft (Field Theory scenario)
Field theory simulations [4, 5, 42] suggest that cosmic strings lose energy during their lifetime mainly by classical radiation of massive fields, corresponding to the emission of particles. Thus, in terms of the total equation of state parameter w, the energy injection rate into other species from string decay is given by [1, 43] 
where Ω s = ρ s /ρ is the string density parameter, with ρ being the total energy density in the universe. We recall that the factor β 2 ft parametrises the fraction of the available string energy going into Higgs or other Standard Model particles.
It follows from Eq. (29) that we can define the total energy density, in Higgs particles, released in the cosmic medium as
whereγ h,ft = 3β 2 ft (w − w s )/x 2 , and we have defined x = α µ/ρ s t 2 , which is about 0.7 (α = √ 2) in the radiation era and 0.9 (α = 3/2) in the matter era [4, 5] . The string equation of state parameter is w s ≃ −0.15 in the matter era and w s ≃ −0.13 in the radiation era. 2 We therefore takeγ h,ft ≃ 2.8β 2 ft in the radiation era andγ h,ft ≃ 0.5β 2 ft in the matter era. Using (30) we can obtain the total energy density in Higgs particles in the radiation-dominated era in units of entropy density as being
We can also obtain the electromagnetic energy density injected by the decay of strings as
where f em is the fraction of the total Higgs energy (30) that ends up in γ-rays in the Fermi-LAT sensitivity range 0.1 -100 GeV. The primary decay channel is bb, which will produce many photons via pion decays. Photons will also be produced by electromagnetic cascades caused by interactions with the various kinds of background radiation. Hence it is reasonable to take f em to be of order unity, and we will take f em = 1 as an adequate level of modelling.
Constraints on Gµ Observational bounds time Fig.3 . The dashed blue and solid green lines represent the bounds due to high 4 He and low 4 He, respectively. The dot-dashed red line represents the bound on Gµ due to DGRB. Among the three bounds (blue, green and red lines) the DGRB bound is the strongest (dot-dashed red line).
Note that the DGRB bound is stronger than the one quoted in [3] , Gµ 10 −10 f −1 , where f = β 2 ft is the fraction of the strings' energy appearing as standard model particles. The previous limit was based on EGRET data [44] and an older analysis of the cascade into γ-rays by a different group [33] .
V. CONCLUSIONS
In this paper, we have considered bounds on cosmic string scenarios coming from Big Bang Nucleosynthesis and the Diffuse Gamma-Ray Background in both Nambu-Goto and field theory scenarios of cosmic strings, assuming that the strings have a Higgs condensate of order the cosmic string mass scale M . We show, by reference to [10] , that large condensates are to be expected in a wide region of parameter space of models where the Higgs portal coupling is stronger than the self-coupling of the symmetry-breaking scalar field.
In the NG scenario we assumed that the dominant particle production comes from nonperturbative emission from cusps on string loops, and we also assumed an average of one large cusp per loop per period of oscillation. The Higgs emission rate in the NG scenario is then (3).
We derived the distribution of loops (16) that were born in the radiation-dominated era (relevant for BBN bounds), and the distribution of loops (17) that were born in the radiation-dominated era and still survive in the matter-dominated era (relevant for the constraints due to DGRB). We checked that the bounds apply to strings which have ceased being friction-dominated using (19) . The Higgs energy density injection per expansion time in units of entropy (relevant for the BBN bounds) was presented for the NG scenario in (25) . The electromagnetic energy density from Higgs particles decaying into photons (relevant for DGRB) was presented in (27) . The constraints on the NG scenario parameters (string tension Gµ and Higgs radiation efficiency β c ) were presented in table II. All of the constraints presented in table II are plotted in Fig. 2 .
We also applied the bounds in table I ft . These constraints are plotted in Fig. 3 . The DGRB bound is significantly stronger than previous estimates [3] , thanks to improved modelling and more recent data from Fermi-LAT [41] .
An extra spontaneously broken U(1) symmetry, whose symmetry-breaking fields are coupled to the Standard Model via the Higgs portal, is a rather conservative extension of known physics.
It is interesting that there are strong cosmological constraints on such models at high energy scales, complementary to those from accelerator searches. For the future, the uncertainty in the modelling of the Higgs emission, parametrised by the efficiency amplitudes β c and β ft , can be reduced by numerical simulations of the Abelian Higgs model with extra fields. For analysing the classical string solutions, it is sufficient to consider a subset of the bosonic fields with a U(1) ′ ×U(1) Z theory, corresponding gauge fields A µ and Z µ , coupling constants (g ′ , g Z ),
and complex scalar fields φ and H. We interpret H as the lower component of the Higgs doublet Φ. We work in a diagonal basis for the gauge fields, and assume that the U(1) ′ symmetry is broken at a scale much higher than the electroweak scale, so that we can neglect coupling of the φ field to Z µ . The scalar field charges can then be written (1, 0) and (q H , 1).
The energy functional for the vortex in 2D (which is the functional for the energy per unit length in 3D) is
where d 2 y = rdrdϕ, a = (1, 2) and
is the potential. The covariant derivatives and the two magnetic field strengths are given by
and
In terms of the standard SU(2) coupling g and the weak mixing angle θ w , g Z = g tan θ w /2. We assume that the ground state is |φ| = M and |Φ| = η, which means that λ 1 λ 2 > λ 2 3 . An Ansatz for a static cylindrically symmetric solution is
where x = g ′ M r. In this case the static energy functional becomes
where
We assume that h 0 ≪ 1. Then in this limit, the Higgs mass
The standard Nielsen-Olesen solution is obtained by minimising E subject to the constraints h = 0 and z = 0. We denote this solutionf ,ā, which has the following properties
with f 0 , f 1 , a 0 and a 1 O(1) constants. In the caseλ 1 > 4, x −1/2 exp(− λ 1 x) is replaced by
x −1 exp(−2x). Roughly speaking, the gauge fieldā stays close to zero for x 1, while the scalar fieldf stays close to zero for x X f = max(1/ λ 1 , 1/2). Outside these distances, bothā andf approach 1 exponentially.
To show that there is a Higgs condensate, it is sufficient to demonstrate that there is a field configuration with h = h 0 = 0 at the core of the string which reduces the energy. The configuration need not be a solution to the field equations: as the solution minimises the energy one is guaranteed that the true solution has even lower energy.
We first note that at distances X f ≪ x, the equation for the Higgs field is
which for h ≫ h ew has the solution
This solution is therefore a good approximation for x ≪ g ′ M/m h , provided it can be matched on to a solution at x ≪ X f .
For g ′ M/m h ≪ x, the Higgs field relaxes to its vacuum value h = h ew according to
where h 1 is a constant.
Near the core of the string, at x ≪ 1, the field equation is
which means thatλ 2 h 2 0 <λ 3 in order that the condensate be at a maximum at x = 0. We accordingly make an ansatz representing a condensate of amplitude h 0 and width X h :
where h 0 = 1/ λ 2 X h . The amplitude and the width are linked by the field equation (A12), which forces X h 1/ λ 3 . We set z = 0 for the ansatz: the field equations will generate some magnetic flux B Z , but this can only reduce the energy further.
The change in the energy due to the Higgs condensate with ansatz (A13) is
where we have neglected the terms h ew in Eq. (A7) and the function C 3 (λ i , h 0 ) is
For the integration in Eq. (A14) we assumed that both X h and X f are bigger than one. The change (A14) must be negative in order for the total energy (A6) be reduced. From Eq. (A15), and using X f = 1/ λ 1 , we see that ∆E cannot be negative forλ 3 ≪λ 1 . In the opposite limit λ 3 ≫λ 1 , ∆E is made as negative as possible by making X h as small as possible without violating the condition X h 1/ λ 3 , so that h 2 0 is as large as possible. Hence X h ∼ 1/ λ 3 , and
giving a reduction in energy ∆E ∼ −M 2 λ 3 /λ 2 . Hence, withλ 3 ≫λ 1 , we can write down an ansatz for the Higgs condensate, whose mass scale is M , which reduces the energy by O(M 2 ).
Let us now recall the condition λ 2 3 < λ 1 λ 2 which guarantees that |f | = 1 and |h| = η/M is the global minimum. Thus, we see that λ 3 is bounded both above and below, and the part of parameter space most favourable for a large condensate while preserving the correct vacuum is
Given that λ 2 ≃ 0.25 for the measured value m h ≃ 126 GeV, the favourable region for a Higgs condensate is λ 1 ≪ λ 3 0.5 λ 1 .
We observe that in order for it to be possible to satisfy these inequalities, we must have λ 1 ≪ 1.
Our ansatz gives only an upper bound on the energy of the true solution, but we already know that it is at least O(M 2 ) below that of the Nielsen-Olesen string. We conclude that the true solution must have yet lower energy, which is still O(M 2 ), as there is no other relevant scale in the problem. In order to generate a reduction of this size, the condensate must be of O(M ). We note that a condensate of order v ew could reduce the energy by only O(v 2 ew ).
